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Monte Carlo
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Monte Carlo

® \Widely used in statistical and quantum many-body physics

® Unbiased: statistical error 1/v N

Calculation of Pi
https://en.wikipedia.org/wiki/Monte Carlo_method#/media/File:Pi_30K.gif

> Optimization
> Numerical integration
> Generate probability distributions

N
. 1
® Central limit theorem (5 Y Xi)—p) = —=N(0,0%)
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https://en.wikipedia.org/wiki/Monte_Carlo_method#/media/File:Pi_30K.gif

Monte Carlo — Ising Model
Z=> eI =3 "w(C)
C C

® Markov chain Monte Carlo is a way to do important sampling

oo =5 Cii1 = Cp = Cigq — -

® Metropolis — Hastings p(C — D) =q(C - D)a(C — D)

p(C — D) _ W(D) . W(D)g(D = C)
p(D—C)  W(C) (C = D) = mintl, W(C)q(C — D) j

» N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and E. Teller, J. Chem. Phys. 21, 1087 (1953)
» W. H. Hastings, Biometrika 57, 97 (1970)



Metropolis — Hastings: local

O
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®

® Local update q(C i ’D) — q(D 5 C) — %
® Acceptance ratio C}f(C .S D) — min{l, II/:[//((?))}

WID) _ (~ABD)-E(E)) — (=A(-1-1+1+1]-[1+1-1-1]) _ |

——= =€

w(C)

» N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and E. Teller, J. Chem. Phys. 21, 1087 (1953)

2D Ising simulation

https://mattbierbaum.github.io/ising.js/


https://mattbierbaum.github.io/ising.js/

Metropolis — Hastings: critical slowing down

® Dynamical relaxation time diverges at the critical point: critical
system is slow to equilibrate.

® For 2D Ising model 7 oc L*, 2 = 2.125

Metropolis Simulation on a 100x100 Grid
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Metropolis — Hastings: autocorrelation

® Markov process, Monte Carlo time sequence
o= 0(t-1)—-0lt) - 0@t+1)— ---
O(t) = O[C(t)]

® Autocorrelation function

Ao (At) = (O®)O(t + At)) — (O(1))? x e AT

* + Local
0.030 « = Self-learning

102 S TR S ]
0 100200300 400500600 700 800

400
At



Metropolis — Hastings: cluster
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® A cluster is built from bonds
® Probability of activating a bond is cleverly designed

Q(é N J) —1— Emin{D,—Z_ﬁSiSj}

A7
—2B(S S —SESE) W(B)

- W(A)

€

q(A — B) 0l 1—q(i = j)a 1

qB— A) 1—q(i — j)n

(i,7),i€c,jéc (1,7),1€c,5¢c
® an ideal acceptance ratio (A — B) =1

» U. Wolff, Phys. Rev. Lett. 62, 361 (1989)



Metropolis — Hastings: cluster

Magnetisation per Site

Simulations on a 100x100 Grid at T=2.0 Simulations on a 100x100 Grid at T=2.27
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» Swendsen and Wang, Phys. Rev. Lett. 58, 86 (1987)



Metropolis — Hastings: Self-learning
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"Know thyself"
(Greek: yv01 ogautov)

Thales of Miletus (c. 62:
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"Know thyself" (Greek: yvw8i ceautov, gnothi seauton)
one of the Delphic maxims and was inscribed in the
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Computing facilities
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Computing facilities
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National Supercomputer Center in Tianjin

Tianhe-1: 5PetaFLOPS
K-computer: 10PetaFLOPS
Tianhe-2: 100PetaFLOPS
TalhuLight: 100PetaFLOPs
Tianhe-3: 1000PetaFLOPS
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Computing facilities
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Computing facilities
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Challenges 1: models are more complicated

Al & Machine learning basics

A simple neural network

hidden
layer

input
layer

output
layer

~ 100 layers, ~ 1076 weights/parameters

Challenges 2: memory bottleneck

Data fetch is much expensive than data process

Memory

mim

A:=f(A)

Control

"Bottleneck"

A
Fetch

Processing unit

Store

|

Control unit

Neural processing unit / Al-accelerators

Cionic ™

TPU by Google A12 Bionic by Apple Kirin 980 by Huawei



Al & Machine learning basics

Challenges 3: computing power consumption

AlphaGo: Jie Ke: |
Q 176 GPUs, 1202 CPUs Q 1.2L Human Brain
Q 150, 000 Watts O ~20 Watts

Huge power gap between human brain and CMOS-based Al system
> Itis much needed to develop new hardware with new device

and new architecture (new algorithms)



Computational
Units

Storage units

Cycle time
Operations/sec

Memory
updates/sec

Power
consumption

Which one Is better

Supercomputer

32,000 Xeon CPUs
1072 transistors

10714 bits RAM
10715 bits Storage

107-9 sec
10M5

10714

500 megawatt

Personal Computer Human Brain

4 CPUs, 1019 10711 neurons
transistors

10711 bit RAM 10711 neurons
10713 bit Storage  10"14 synapses

107-9 sec 1017-3 sec
10710 1077
10710 10714
100 watt 20 watt



Monte Carlo
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Quantum many-body system - Bosons
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Quantum many-body system - Fermions
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Ce-based heavy fermion metal, arXiv:1907.10470
Huigiu Yuan’s group at Zhejiang University
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Twisted double bilayer Graphene
IOP, CAS Group
Ferromagnetic fluctuations
arXiv:1903.06952

e FM / AFM / Nematic fluctuations
of itinerant electron systems

e Non-Fermi liquid, fluctuation
induced superconductivity

e Fermionic QCP



Quantum Monte Carlo

® Determinantal QMC for fermions O(BN?) - Q -
-

Hubbard model: bu A
Metal-Insulator transition

Magnetic order Q q Q
Spectral properties

Unconventional superconductivity

o
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® \World-line/SSE QMC for bosons/spins O(BN)
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po & F | £3 7S » Quantum magnetism / Optical lattice
L] il * Phase transition and critical phenomena
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Quantum Monte Carlo

m Computation effort scales linearly with SN
Systemsizes: N =L1° L=4,6,810,16,--,40

Time discretization: 8t o< L, A1t = 0.05
Parallelization: ~ 10° CPUs, ~ 10° CPU hours

National Supercomputer Center in Tianjin NATIONAL SUPERCOMPUTER CENTER IN GUANGZHOU

pEREg mxamnzeee ) IR i

Tianhe-1 “‘ S====== Tianhe-2




Determinant quantum Monte Carlo

N N
H = —t {@%ﬁ(aﬁﬂc},g +h.c.)+U ;(nm — %)(n” — %)
® Path-integral & Trotter-Suzuki decomposition
Z = Te[e=P1] ~ T [ﬁ N N
= 1r|e ~ Ir € € T=—,m— 00
=1 "

B Free fermion (Slater) determinant

Tr[e™ 2=, cidizeste; Pii¢i] = Det[1+ e #e™P]



Determinant quantum Monte Carlo

1 1

__fE R U ir — =), — =
2 w(jJrchr E('”T )iy 2)

0.

B Path-integral & Trotter-Suzuki decomposition

T .“'

7 = T‘r{e_ﬁﬁ} ~ Tr[He_ATﬁ‘*e_ﬁTﬁ”} AT = —,m —

m
=1

m Discrete Hubbard-Stratonovich transformation

o~ ATU SN (ni 3= 3) (s - 2)_0 Z AN s —ni)

sn==1 (C,a)(U, N, A7)

> Blankenbecler et. al., Phys. Rev. D 24, 2278 (1981)
» Hirsch, Phys. Rev. B 28, 4059(R) (1983)
» Hirsch, Phys. Rev. B 31, 4403 (1985)



Determinant quantum Monte Carlo

N N
U
H=—t Z ((:;J(:j’g +h.c.) + o Z(nm +nip — 1)
(1,3),0 i=1
m Path-integral & Trotter-Suzuki decomposition
. TrL R . }3
. —BH7 —~ATH, —ATH _ P
Z—Tr[e }NTI[HG THteT 2T U} AT mj’m—mo
=1
m Discrete Hubbard-Stratonovich transformation
e—ﬁT%(.ﬂi,T‘}’ﬂi,J,—l)? _ }Z Z "}/(S?;)Gi AT%n(si)(ni=T+ni,¢—l) + O[(AT)4]

81,82, ,S‘.'\,'::tl,j:2

» Blankenbecler et. al., Phys. Rev. D 24, 2278 (1981)
> Hirsch, Phys. Rev. B 28, 4059(R) (1983)

» Hirsch, Phys. Rev. B 31, 4403 (1985)

» Assaad, Phys. Rev. B 71, 075103 (2005)

» Assaad and Evertz, Lec. Notes. In Phys. 739 (2008)
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Determinant quantum Monte Carlo

® \Write Path-integral into determinant

Z=Te[[[ed e M) =™ Y det[l+P'B,By_1..BP]

=i ql,gg,..,,gm -
| | | | Bl - e—ATHte—&THU{S(I))
® Monte Carlo sampling in configuration space

Huy(5(1)) oc asli)

-2 B(5()

3 B(S(-1)




Sqguare lattice Hubbard model

H=—t ZN: (c] yejo +hic) + Ui(”m _ %)(m,J, _ %) % b § :
i

i=1

0.2}

dens.of states

0.0
0

. Chen, Bachelor Thesis (2016)
-J. Han et al., PRB 99, 245150 (2019)
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Sqguare lattice Hubbard model

N

= — ¢l e C Nr,q, . . o Qh*‘*
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C. Chen, Bachelor Thesis (2016)
X.-J. Han et al., PRB 99, 245150 (2019)
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Sqguare lattice Hubbard model

OH.\ZJHC
N
Pz

—_
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o

—_—

(n,0) (m,m) (0,0)

> C. Chen, Bachelor Thesis (2016) (0’0) (1,0) (m.7) (O’O)

» X.-J. Han et al., PRB 99, 245150 (2019)



Sqguare lattice Hubbard model

» C. Chen, Bachelor Thesis (2016)
» X.-J. Han et al., PRB 99, 245150 (2019)
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Honeycomb lattice Hubbard model

1

N
i 1
H=—t} (c|scio+he)+UY (nig=3)(n,—3)

h’?}g i=1

» ZYM, Phd Thesis (2011)



Honeycomb lattice Hubbard model
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Honeycomb lattice Hubbard model
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Determinantal quantum Monte Carlo

® Hubbard-Stratonovich Transformation

J 1 1 i L . Y
exp{—&'rg(ﬂ;;,j — D;Jj)z} = Z Y(t;;)e'VE g0(ti,;)(Ds ;—D; ;)

to;=+1,%£2

e |

E ] ¥ 5 -
exp{—ATU(Qo — 4)*} = 1 Y Also)e™ 0)(@o4)
.HO—:I:I,:I:2

® Measurements > PRX 7, 031052 (2017)

G(k,7) x Zgp(k)e T2k — Kk,

05F .
S(a,7) o Zo(@)e ™% q = Qar oA ‘ %j @
S 03F -

SAC 02} © pVBS = CVBS

> A(k,w)

0 10 20 30 40 50 60
Ult

> PRL In press (1901.11424)

SAC

» S(q,w)

H. Shao A. Sandvik



Learning materials

https://www.physics.hku.hk/~mengziyang/teaching.html
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e ol
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Tutorial and Code Demonsiration
Time: 10:00 Friday (Oct.11)
Venue:CPD-3.14, 3/F, Run Run Shaw Tower,
Centennial Campus

Gaopei, PAN and Chuhao, LI
Instifute of Physics

Chinese Academy of Science



https://www.physics.hku.hk/~mengziyang/teaching.html

Tidbits from Monte Carlo

® Fermions couple to critical bosonic modes

kT
* [tinerant quantum critical point

* Non-Fermi-liquid

Self-learning Monte Carlo methods
Matter fields couple to guage fields
Alegbraic spin liquid, orthogonal metal

Ising FM  QCP PM

® Designer spin/boson models QMC

Emmy Noether looks at the DQCP « DQCP & Gauge and matter fields
o * Emergent continuous symmetry
¥ w * Dynamical signatures of topological
‘7 x w order and spin liquids
Nl M =0 * Duality between SPT transitions and
b
.J'_”if_ DoCe _hi_ Q1 DQCP




> Rich analytic literature, sum particular
series of diagrams

> The ultimate desire is to obtain the exact
non-FL forms of fermionic and bosonic
propagators in D>1

> Alternative numerical approaches
QMC

> Lattice models, large sizes and low T

> Numerics and Analytics would converge

Journal Club for Condensed Matter Physics JCCM_November_2018_02
https: //www.condmatjclub.org

Solving metallic quantum criticality in a casino

1. Monte Carlo Studies of Quantum Critical Metals
Authors: E. Berg, S. Lederer, Y. Schattner, and 5. Trebst
Annual Reviews of Condensed Matter Physics, arXiv:1804.01988 (2018)

2. Superconductivity mediated by quantum critical antiferromagnetic
Huctuations: The rise and fall of hot spots
Authors: X. Wang, Y. Schattner, E. Berg, and R. M. Fernandes
Physical Review B 95, 174520 (2017)

3. Itinerant Quantum Critical Point with Fermion Pockets and Hot Spots
Authors: Z-H Liu, G. Pan, X-Y Xu, K. Sun, and Z-Y Meng
arXiv:1808.08878 (2018)

Recommended with a Commentary by Andrey V Chubukov,
University of Minnesota

One of the most extensively studied items in modern physics of correlated metals is
whether a Fermi-liquid (FL) behavior can be destroyed in dimensions D > 1. Two main roots

to non-FL physics have been proposed. One is to increase interactions and bring the system
close to a transition to a Mott insulator. Another 1s to keep interactions relatively weak, but
vary some parameter x, which can be either doping, or pressure, or a magnetic field, and bring
the system to an instability towards a spin or a charge order, either with zero momentum (a
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Revealing Fermionic Quantum Criticality from New Monte Carlo Techniques
Topical Review, J. Phys.: Condens. Matter 31, 463001 (2019)

Fakher Assaad

Julius-Maximilians-
VERSITAT
RZBURG

Cenke Xu Andrey Chubukov




Model
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X0

q (D) = TG T Q) = (/o 2

» Abanov, Chubukov, Schmalian, Adv. in Phys. 52, 119 (2003) — ¢

‘ Gy 'k, 7) =07 — vy - (k —kp)
> Metlitski, Sachdev, PRB 82, 075127 (2010)
> Metlitski, Sachdev, PRB 82, 075128 (2010)

» Sung-Sik Lee, Annu. Rev. Condens. Matter Phys 9, 227 (2018)
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SLMC
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5 5 Local update based on H W = exp[-fH ; (C)]
>
L HeglCl=Eo+ > J& o Sinsip + o
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Z =) ¢(C)det(1+B(p,0;C))
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Detailed Detailed
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> PRB 95, 041101 (2017)
> PRB 96, 041119 (2017)
» PRL 122, 077601 (2019) A(C = C') = min{1, e—.ﬁ((H(C")—Heff(c"))—(H(C)—Heff(c)))}



SLMC

Fermions coupled to bosonic mode
* [tinerant quantum critical point

* Non-Fermi-liquid

* Electron-phonon coupling

=16

FM

b 0 200 200 600
T/sweep

Complexity for getting an independent configuration: SN37;
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O 0000 00 O 0 O 0000Q
T/sweep 10 I 100
8 pQgMc () sLmMc A~ pQMCc () sSLMc O
» Self-Learning on electron-phonon model 1500 ol s 1000 —
Phys. Rev. B 98, 041102(R) (2018) (a) , (b) '
- | i L I 4
1200 ] 800 A
900 | D “é 600 - I.' -
o : ~ |
| =, I|
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Chuang Chen George Batrouni  Richard Scalettar .jl J
300 | o) — 200 - / @
» Dirac Fermions Coupled to Phonons /:.,{K D 9 o
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Phys. Rev. Lett. 122, 077601 (2019) %46 8101212161820 4 © 8 10 12 14 16 18
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Non-Fermi-liquid
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FM-QCP
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» PRB 98, 045116 (2018)
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AFM-QCP
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AFM-QCP

> PNAS 116 (34), 16760-16767 (2019)
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EMUS

> PRB 99, 085114 (2019)

H=H;+ Hy+ Hyp

r-space

Hf = Z t'i',j (CIraCj’a + hC)
i,
Hy = JZ 8;8; — th;"
(4,7) v
Hyp = Z Eab Sfcz‘aci,b

i,a,b

k-space

6 Hotspot pairs : {K;,K';}, I=1,---,6
Hi= Y [ela+K:) - plc] ) ,cata

a,l=1,a AF wavevector : £Q; = K; — K/,
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> PRL 123, 137602 (2019
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EMUS

> PRB 99, 085114 (2019)
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® Computational complexity O(ﬂN?’) — O(ﬁNJ‘?)
® Naturally integrated in SLMC

® Generic in finite Q models
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AFM-QCP

> PNAS 116 (34), 16760-16767 (2019)

— 1 5 W T—i1q T 2 Z
Y(T, h/! q!wn) = ﬁ Z / def n q-Tij (3?_’ (T)Sj' (U))
i o 0

X( T, he,qwn) =

1

ct T2 4+ (¢

oL=48,3=12
o L =60,8=15
L=720=18
L |—a,1n(]g]) + % In(c,)

-2 -1.5

In(|g[)

-0.5

In(x *(0,w) — x '(0,0)) oo

q|2 + cow?)aa/?

Bare boson (2+1)D Ising
ag =2—n=196

In(w,)

@ L=2005=20
o L=20,8=30
Sl L=208=10
x L=20,8=050
o L=120,0 =60
[ |—a, In(w) + Z1In(c,)
a, = 1.96
5k
6F
25 2 15 0.5




AFM-QCP

» A.Abanov, A. Chubukov, J. Schmalian, Adv. in Phys., 52, 119 (2003) > PNAS 116 (34), 16760-16767 (2019)
1
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» M. Metlitski, S. Sachdev, PRB 82, 075128 (2010)
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Fermion QCPs with QMC

® Ferromagnetic/nematic QCP  zero Q > PRX 7, 031101 (2017)
1
ctT% + cplh — he|? + (cqla|? + cow?)?/2 + A(q,w)

x(T, h,q,wn,)

aqg = 2 —n with n = 0.15(3)
® Antiferromagnetic QCP finite Q

® Triangle lattice 3Qarp =T > PRB 98, 045116 (2018)
(T, h. q0n) 1
Y(T, h,q,w,) x
X551 G, Wn (etT 4 c,T?) + ep|h — he|]” + ¢4ld]? + (cow + ¢,w?)
® Square lattice 2Qar =T > PNAS 116 (34), 16760 (2019)
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Tidbits from Monte Carlo

® Fermions couple to critical bosonic modes

kT
* [tinerant quantum critical point

* Non-Fermi-liquid
Self-learning Monte Carlo methods

Matter fields couple to guage fields
Alegbraic spin liquid, orthogonal metal

Ising FM  QCP PM

® Designer spin/boson models|QMC

Emmy Noether looks at the DQCP e DQCP & Gauge and matter fields
o * Emergent continuous symmetry
¥ w * Dynamical signatures of topological
‘7 x w order and spin liquids
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b
.J'_”if_ DoCe _hi_ Q1 DQCP




PHYSICAL REVIEW X 9, 021022 (2019)

Monte Carlo Study of Lattice Compact Quantum Electrodynamics with Fermionic Matter:
The Parent State of Quantum Phases

: b . 2-4; 5 17: : 910,11,
Xiao Yan Xu,"" Yang Qi.>*' Long Zhang,” Fakher F. Assaad.® Cenke Xu.” and Zi Yang Meng™™'*!'#
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Directly simulate U(1) gauge field couples to fermionic matter

1 1 . D | .
H = ;JN}F Z ELIZJ —1 Z (E‘?{x(_ﬂﬂ;l(‘ja - II.C.) — ;K Nf ECUS (CUF]B)
- (i.J) (i.j)a - i
* Fer'r'rlicsn
J
. Gauge I:IE|C| >
2 - .
UlD AFM

=T TN g 4
B i O VB T

UlD VBS

¥ 8
UlD VBS




U1 gauge field couple to matter field
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U1 gauge field couple to matter field
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U1 gauge field couple to matter field
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Monopole proliferation leads to confinement of gauge field

> Wel Wang, et. al. PRB 100, 085123 (2019)
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U1 gauge field couple to matter field

QED3-Gross-Neveu at O(1/Nf) and O(1/Nf*2), three loops, four loops, epsilon-expansion

~ J. A. Gracey, Phys. Rev. D 98, 085012 (2018)
~ B. lhrig, L. Janssen, L. N. Mihaila, and M. M. Scherer, Phys. Rev. B 98, 115163 (2018)
~ N. Zerf, P. Marquard, R. Boyack, and J. Maciejko, Phys. Rev. B 98, 165125 (2018)
~ R. Boyack, A. Rayyan, and J. Maciejko, Phys. Rev. B 99, 195135 (2019)
1/N Aslamazov-Larkin digrams

~ N. Zerf, R. Boyack, P. Marquard, J. A. Gracey, and J. Maciejko, arXiv:1905.03719

Monopoles in QED3-Gross-Neveu theory

~ X.-Y. Song, Y.-C. He, A. Vishwanath, and C. Wang, arXiv:1811.11182 (2018)
» X.-Y. Song, C. Wang, A. Vishwanath, and Y.-C. He, arXiv:1811.11186 (2018)
» E. Dupuis, M. Paranjape, and W. Witczak-Krempa, arXiv:1905.02750



Z2 gauge field couple to matter field

H = Hpodl. 08, composite fermion: ¢; o = fi oS;
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» Chuang Chen et al., arXiv:1904.12872

> Gazit, Assaad, Sachdev, arXiv:1906.11250

» Hohenadler, Assaad, PRL 121, 086601 (2018)
» Hohenadler, Assaad, PRB 100, 125133 (2019)




Z2 gauge field couple to matter field

Continuous phase (Higgs) transition between NM and OM without symmetry breaking
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» Chuang Chen et al., arXiv:1904.12872



Z2 gauge field couple to matter field

L=24,T=0.1 o > h
h =0.4 ; ) h =4
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Normal metal Orthogonal metal

» Chuang Chen et al., arXiv:1904.12872



Z2 gauge field couple to matter field
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» Chuang Chen et al., arXiv:1904.12872



Designer Hamiltonian for Chiral Ising GN

)8
7 > PRB 97, 081110 (2018)
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> Yuzhi Liu, Kai Sun, ZYM, in preparation
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> Yuzhi Liu, Kai Sun, ZYM, in preparation



Tidbit from Monte Carlo

i=2 , :
1 - P
cl e ™ e T PR coupling
P
. : - SINg spin
A >
DS Q|
; supecrposibion of spin
1 A=1 up and spin down
i=1 —» fermion hopping
2 . T4 (.hj 1 += Pure Boson /7.=3.044(3)
- DQMC h=3.32(2)
. _ i (a) @ &= 16301 d ESMC ho33555) |
15+ TN(?!J o UIJICF . hc = 133(1} 0.8
. h =3.270(5)
0.6 1
BET phase &~ SDW metal Fermi liquid
T
—— - i Tg —.\Q" -J L -
- - i
Ca -,
0.2} ]
. Clock phase >, ‘Q\'_"gl -\ r-
PM phase
> 0 - - o— -
Fr 2.6 2.8 3 32 34 3.6 38
E
e
- = — “E—
& kN %

Difficult questions

> PRX 7, 031101 (2017)
> PRB 98, 045116 (2018)
> PNAS 116 (34), 16760 (2019)

Methodologies

PRB 95, 041101 (R) (2017)
PRB 96, 041119 (R) (2017)
PRB 98, 041102 (R) (2018)
PRL 122, 077601 (2019)
PRB 99, 085114 (2019)
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New paradigms in
quantum matter

> PRX 9, 021022 (2019)
> arXiv: 1904.12872
> PRB 100, 085123 (2019)
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